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Abstract 

Starting from an arbitrary endomorphism 5 of a unital C*-algebra A we 
construct a bigger algebra B and extend 5 onto B in such a way that 8 : B — > B 
has a unital kernel and a hereditary range, i.e. there exists a unique non- 
degenerate transfer operator for (B, 5). The pair (B, 5) is universal with respect 
to a suitable notion of covariant representation. 
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Introduction 

The crossed-product of a C*-algebra A by an automorphism 5 : A ^ Ais defined as 
a universal C*-algebra generated by a copy of A and a unitary element U satisfying 
the relations 

5(a) =UaU*, 6~ 1 (a) = U*aU, a G A. 
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Algebras arising in this way (or their versions adapted to actions of groups of auto- 
morphisms) are very well understood and became one of the standard constructions 
in C*-theory, see for instance [KR86J, [Ped79j. On the other hand, the natural desire 



to adapt this kind of constructions to endomorphisms (or semigroups of endomor- 
phisms) encounters serious obstacles from the very beginning. Roughly speaking, 
it is caused by the irreverisibility of the system (A, 5) (the lack of 5~ r ) in case 5 is 
an endomorphism, and the main question is what relations should the element U 
satisfy. 

The difficulty of the matter manifests itself in a variety of approaches, see, for exam- 
ple, |CK80| . |Pas80| . |Sta93| . |Mur96| . |Exel94j . |Exel03| . |Kwa05a| . |ABL05| which 
do however have a certain nontrivial intersection. They mostly agree, and simulta- 
neously boast their greatest successes, in the case when dynamics is implemented 
by monomorphisms with a hereditary range. In view of the recent article [BL05J, 
see also |ABL05| . |Kwa07| . this coincidence is completely understood. It is shown 
in | BL05| that in the case of monomorphism with hereditary range there exists a 
unique non-degenerate transfer operator 5* for (A, 5) , called by authors of |BL05| a 
complete transfer operator, and the theory goes smooth with <5* as it takes over the 
role classically played by 8' 1 . 

The goal of the present paper is an interesting fact that starting from an arbitrary 
endomorphism 5 of an arbitrary unital C*-algebra A there is a universal (from a 
point of view to be explained later) procedure of extending the C*-dynamical system 
(A, S) to a bigger system (£>, 5) possessing a complete transfer operator. Philosoph- 
ically, it is a procedure of passing from an irreversible dynamical system to a bigger 
reversible one. In commutative case it takes on a literal meaning as then the C*- 
dynamical systems (A, 5) and (£>, 5) correspond to topological dynamical systems 
(X,a) and (X,a) respectively. Chronologically this topological approach was the 
first one that led to the description of (£>, <5), see |KL03| . |Kwa05a| . The relationship 
between (X, a) and (X,a) is of particular interest. For instance, the space X may 
be viewed as a generalization of the topological inverse limit space, see |Kwa0 5aJ. 
|Kwa05b| . and Section [4] of the present paper. Thus as a rule X is topologically 
very complicated - contains indecomposable continua |Nad92| . has a structure of 
hyperbolic attractors |Wil67| . |Wil70| . or of a space arising from substitution tilings 
[AF98] . 

The paper is organized as follows. 
In the first section we introduce two notions of a covariant representation of a C*- 
dynamical system (A, 5). The first one exists in a literature in a similar or identical 
form, see, for example, |LO04| . |Exel03| . |Mur96| . |Sta93| . The second one which we 
shall call a strict covariant representation is more restrictive, however, it seems to 
reconcile most of the previous versions of this kind of notion. After a closer look this 
former definition becomes completely natural and it is essential for our purposes. 
Second section serves as a collection of definitions and facts concerning transfer 
operators for C*-dynamical systems. It is based on |Kwa07| and |BL05| . and the 
only new result there is Proposition 12.61 which states that for C*-dynamical systems 
possessing a complete transfer operator strict covariant representations defined in 
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this paper agrees with covariant representations defined in |BL05| . 
The third section is the core of the article. It contains the main result the first 
technical step of which is an extension of the endomorphism 5 : A — > A to a one 
with unital kernel. Next for systems (A, 5) where ker 5 is unital we define algebra B 
as a direct limit of a certain direct limit of C*-algebras 

B ^B 1 ^B 2 ^ .... 

The form of this sequence will become relatively clear after analyzing the case of 
the system acting on a Hilbert space, cf. Proposition I3.ll It is worth to mention 
here that the first attempt to such analysis was made in |LO04| . Algebra A embeds 
into B and extension of 5 onto B is induced on B by an inverse limit. Distinctive 
property of the system (B, 5) is that it possess a complete transfer operator <5* and 
in fact it might be thought as a universal extension of (A, 5) with respect to this 
property and strict covariant representations. 

The closing section is devoted to commutative (or one would say topological) sys- 
tems. In particular, we discuss the relationship between inverse limit spaces and 
the spectrum of algebra B, we present a slight generalization of a main result from 
|KL03| and set it against the general approach from Section [3l 



1 Covariant representations 

Throughout this paper we let A be a C*-algebra with an identity 1 and 8 : A ^ A 
be an endomorphism of this algebra (all the morphisms appearing in the text are 
assumed to be "-preserving). We shall refer to the pair (A, 5) as a C* -dynamical 
system. 

In order to introduce and clarify the role of the relations we shall use in the present 
article, let us start with a non-trivial Theorem that gathers information on the 
subject developed by different authors. Formally it should be placed at the end of 
Section [3] because a part of it is based on Theorem 13.71 to be proved there. However, 
as it reveals the underlying associations the author decided to place it here. 
By a covariant triple for a C*-algebra A we will mean any triple (tt, U, H) consisting 
of a non-degenerate faithful representation it : A — » B(H) on a Hilbert space H and 
a partial isometry U G B(H) . 

Theorem 1.1. Let 5, <5* : A — > A be two mappings on a unital C* -algebra A. 
Consider the following conditions that a covariant triple (tt, U, H) may satisfy 

(CR1) Uir(a) = n(5(a))U, a e A, 

(CR2) 7r(5(a)) = Un{a)U* , a G A, 

(CR3) 7r(6*(a)) = U*ir{a)U, a G A. 

Then 

a) 5 : A — > A is an endomorphism of A if and only if there exists a covariant 
triple (tt,U,H) satisfying (CR1) and (CR2), 
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b) 5* : A — > .4 is a non-degenerate transfer operator for an endomorphism 8 (see 
Definition ^. 1\) if and only if there exists a covariant triple (n, U, H) satisfying 
(CR1) and (CR3), 

c) 5* : A — > A is a complete transfer operator for an endomorphism 8 (see 
Definition \2. 3\) if and only if there exists a covariant triple (it, U, H) satisfying 
(CR1), (CR2) and (CR3). 

Item a) is a corollary to the main result of the present paper, see Theorem 13.71 
Item b) follows from |Exel03l Theorem 3.4] and item c) is the main result of |BL05| . 

A definition of a covariant representation for (.4, 8) is naturally determined by 
Theorem 11.11 

Definition 1.2. Let (A, 8) be a C*-dynamical system. A covariant triple (tt,U,H) 
for A satisfying (CR1) and (CR2) will be called a covariant representation of (.4, 8). 

Another useful condition which in the presence of (CR2) may be used inter- 
changeably with (CR1) is 

(CR1') U*U G tt(A)', 

where ir(A)' is a commutant of tt(A) in 13(H), see [LO041 Proposition 2.2]. 

Proposition 1.3. For any mapping 8 : A — ► A and any covariant triple (ir,U,H) 
satisfying (CR2) conditions (CR1) and (CRV) are equivalent. 

Apart from being relatively natural Definition 11.21 has a certain disadvantage. 
Namely, a projection U*U might not reflect the structure of the kernel of endo- 
morphism 8. For instance, one would like to have the following implications: if 8 
is a monomorphism (an automorphism) then U is an isometry (a unitary operator 
respectively), however condition (CR1) (equivalently (CR1')) does not ensure this. 

Example 1.4. Let A C 13(H) and 8(-) = U(-)U* where U G B(H) is a partial 
isometry such that U*U G Z(A). Then the algebra A is a direct sum 

A= (1 -U*U)A@U*UA 

where (1 — U*U)A = ker 8 is the kernel of 8. Let us define a representation 7r : A — > 
13(H) where H = ®^L -£^ and a partial isometry U G 13(H) by the formulae 

(7i(a)h) n = ah n , a G A, (Uh) n = Uh n+ \, n G N. 

Then (tc,U,H) is a covariant representation of (A, 8). However, the operator U is 
never an isometry because 



(U*Uh) r 




n = 
n > 



and the algebra (1 - U*U)n(A) = A is not related to (1 - U*U)A = ker 8 at all. In 
particular, we have 

U*U<n(U*U). 
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It turns out that the obstacle from Example 11.41 illustrate the general rule. 

Proposition 1.5. Let (A,5) be a C* -dynamical system and (tt,U,H) a covariant 
triple satisfying (CR2). Let P G B(H) be an orthogonal projection given by the limit 
in the strong operator topology 

P = l-slim7r(/i A ), (1) 

A e A 

where is an approximate unit for ker 5 . Then 

U*U <P and P e 71(A)'. 

Moreover, if U*U G n(A), then the kernel of 5 : A — > A is unital and U*U = P is 
the complement of the unit in 7r(ker S). 

Proof. Firstly let us pass to the algebra Ai = C*(n(A), P) generated by n(A) 
and the projection P. Since kerb is an ideal in A, P G n(A)' and thus A\ = 
Pti(A) © (1 — P)n(A). Moreover, the mapping £(•) = U(-)U* is an endomorphism 
of A\ (extending the initial endomorphism tt5 : n(A) — > n(A)). Indeed, one readily 
checks that for a, b G A we have 

5(Pir(a) + (1 - P)tt(6)) = U(Pn(a) + (1 - P)n(b))U* = vr(5(a)). 

Let a G Ai- We assert that the following statements are equivalent 

i) Pa = 

ii) U*UaU*U = 

iii) U*Ua = 

iv) aU*U = 

Equivalence i) ii) follows from the fact that Ptv(A) = n(5(A)) and ir(5(A)) = 

U*U7v(A)U*U where the isomorphisms are given by the correspondences Pit (a) < > 

ir (5 (a)) and 7r(5(a)) < — >■ U*Un(a)U*U , respectively. Implications iii) =3- ii), iv) 
ii) are obvious. To show ii) =^> iii), ii) =3- iv) we note that {b G A\ : U*UbU*U = 
0} = (1 - P)ir(A) is an ideal in Ai and thus if U*UaU*U = 0, then 

\\U*Ua\\ 2 = \\U*Ua(U*Ua)*\\ + \\U*U(aa*)U*U\\ = 0, 

\\aU*U\\ 2 = \\(aU*U)*aU*U\\ + \\U*U(a*a)U*U\\ = 0. 

Hence our assertion is true. In particular, U*U(1 — P) = and U*U < P holds. 
Moreover, if we assume that U*U G 7r(A) then 1 — U*U belongs to the kernel of 
5 : Ai — > A\ and, in view of the assertion we proved above, it is a unit in this kernel. 
Hence 1 - U*U = 1 - P and thus U*U = P G n(A) and A 1 = ir{A). ■ 

The extreme case in the above proposition, that is when U*U = P, plays an 
essential role in the present paper. Hence we introduce one more condition: 
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(CR1") U*U = 1 - s lim AeA tt(// a ) 

where {/^aIaga is an approximate unit in ker5. 

In view of Example 11.41 the conditions (CRl') and {CRV) are not equivalent but 
Proposition 11.51 shows that, in the presence of (CR2), {CRl") implies {CRV) . 

Definition 1.6. A covariant triple {n,U,H) for A satisfying {CRl") and {CR2) 
will be called a strict covariant representation of a C -dynamical system {A, 5). 

Every strict covariant representation is a covariant representation and one of 
the corollaries to the main result of the present paper is that any C-dynamical 
system possess a strict covariant representation. We have the following immediate 
corollaries to Proposition 11.51 

Corollary 1.7. Let {tt,U,H) be a covariant representation of {A, 5) and let kei5 
be unital. The following conditions are equivalent 

i) {tt,U } H) is a strict covariant representation, 
%%) U*U G 7i{A), 
Hi) U*U G 7r{Z{A)), 
iv) 1 — U*U is the unit in 7r(ker<5). 

Corollary 1.8. For any strict covariant representation {it, U, H) of a C* -dynamical 
system {A, 5) we have 

i) 5 is a monomorphism -<=>• U is an isometry, 

ii) 5 is an automorphism =^> U is unitary. 

We finish this subsection showing that every covariantly represented system 
{A, S) may be extended to a system strictly covariantly represented. What is im- 
portant is that during this process of extension the only thing that may undergo an 
enlargement is the kernel of 5. First we formulate a straightforward but also very 
useful proposition. 

Proposition 1.9. For every covariant representation {tt,U,H) of {A, 5) the map- 
ping 

U*Un{a) i — ► 5{a) 
establishes an isomorphism U*Uir{A) = 5{A). In particular the set 

{aeA:{\- U*U)n{a) = vr(a)} 

coincide with the kernel of 5. 

Proof. The mentioned isomorphism is given by 7r _1 ([/(-)?7*) and its inverse is 
implemented by U*{n{-))U. Thus the second part of statement holds because we 
have 

5{ a ) = U*Un{a) = <=> (1 - U*U)n{a) = ir{a). 
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Proposition 1.10. Let (jr,U,H) be a covariant representation of (A, 5) and let P 

be given by ©. Let us put A x = C*(n(A),P) i A 2 = C*(n(A),U*U). Then 

UAiU* c Ai, U*U e A!i, z = 1, 2 

and the C* -dynamical systems (Ai,5), (A2,5), where 5(-) = U(-)U*. are conjugate 
by a homomorphism T = T\ © T 2 which action is given by the diagram 

A 2 = U*Un(A) © (1 - U*U)-k(A) 



Ti 



Tz 



Ai = Pn(A) © (l-P)n(A) 
T\ is an isomorphism and T 2 is an epimorphism. More precisely we have 

T x {U*U-K{a)) = Pir(a), T 2 ((l - U*U)it{a)) = (1 - P)7r(a), a e A. 

Proof. In view of Proposition 11.51 we have 1 — U*U > 1 — P and thereby the 
formula 

r 2 (7r(a)(l -U*U)) =7r(a)(l-P), a e A, 
defines an epimorphism T 2 : ir(A)(l — U*U) — > it(A)(l — P). 

If a G A is such that U*Ua = then by Proposition 11.91 a is in the kernel of S 
and hence Pa = 0. Thus the mapping Ti is well defined and since [/*[/ < P it is 
injective. Obviously T\ is an isomorphism. The equality 5oT = To5is checked 
readily. Namely, we have 

6(r(U*Uir{a) + (1 - U*U)ir(b)) \ = T^{U*Un(a) + (1 - U*U)ir(b)) \ = n{5{a)). 



Remark 1.11. The foregoing propositions give us a criterion for the existence of 
covariant representations. Namely, if we have a faithful nondegenerate representa- 
tion 7r : A — > H and P is given by (ED), then a necessary condition for existence of 
U G L(H) such that (tt, U, H) is a covariant representation of (A, 5), is that an ideal 

I = {aeA:(l- P)n{a) = vr(a)} 

coincides with the kernel of 5 : A — ► A. Moreover, if this is the case then it is readily 
checked that an ideal 

J x = { a £ A : Pvr(a) = vr(a)} 
is the biggest among all the ideals in A having a zero intersection with /. 



2 Transfer operators. 

In this section we list certain definitions and facts concerning transfer operators that 
are necessary for our future purposes. An inquiring reader is referred to [Kwa07j, 
|BL05| . |Exel03| . Everything henceforth up to Proposition 12.61 is borrowed from 
Kwa07j and [BL05] . 
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Definition 2.1. A linear map 5* : A — > A is called a transfer operator for the pair 
(A, 5) if it is continuous and positive an such that 

5*(5(a)b) = a5*(&), a, & G A (2) 

If additionally one (and hence all) of the following equivalent conditions are satisfied 

i) the composition E = 5 o 5, is a conditional expectation onto 5(A), 

ii) 5 o 6* o 6 — 5, 

iii) 5(5,(1)) =5(1), 

then 5, is called a non-degenerate transfer operator. 

The following proposition presents conditions for existence and clarifies the struc- 
ture of non-degenerate transfer operators. 

Proposition 2.2. There exists a non-degenerate transfer operator for (A, 5) if and 
only if kerb is unital and there exists a conditional expectation E : 8(1)AS(1) — > 
5(A). 

Moreover, then 1 — 5,(1) is the unit in kerb and we have 

E(a) = 5(5*(a)), 5,(a) = 5" 1 (£(5(l)a5(l))), a e A, 
where 5 _1 is the inverse to the isomorphism 5 : 5*(1)A — > 5(A). 

It follows that if 5(A) = 5(1)A5(1), then there is a unique non-degenerate trans- 
fer operator for (.4, 5) (since there is a unique conditional expectation E = id). We 
recall |Exel03l Proposition 4.1] that the equality 5(A) = 5(1)A5(1) holds if and only 
if 5(A) is a hereditary subalgebra of A. 

Definition 2.3. We shall say (.4., 5) is a complete C* -dynamical system if 5 : A — > A 
has a unital kernel and a hereditary range. Then, in view of Proposition 12.21 there 
is a unique non-degenerate transfer operator for (.4, 5) given by 

5*(a) =5- 1 (5(l)a5(l)) 1 a G A, 

where 5 _1 is the inverse to the isomorphism 5 : (1 — q)A — > 5(A), q is the unit in 
ker5. We shall say that 5, is a complete transfer operator for (A, 5). 

The next result presents the criteria for the system to be complete. 

Theorem 2.4. Let (A, 5) be a C* -dynamical system. The following are equivalent: 

i) the system (A, 5) is complete, 

ii) there exists a transfer operator 5, for (A, 5) such that 

55*(a) = 5(l)a5(l), a G A. (3) 
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Hi) there exists a non-degenerate transfer operator 5* for (A, 5) and 5(A) is a 
hereditary subalgebra of A, 

iv) there exists a central orthogonal projection p G A such that the mapping 5 : 
pA — > 5(A) is a * -isomorphism, and 5(A) = 5(1)A5(1), 

Transfer operators in ii), Hi) are equal (to the complete transfer operator for (A, 5) ) 
and p = = 1 — q where p is a projection from iv) and q is a unit for ker 5. 

The article |BL05| provide us with a number of criteria implying the uniqueness 
of a non-degenerate transfer operator. In particular, it may be expressed in terms of 
covariant representations. More precisely, if 5* is a non-degenerate transfer operator 
for (A, 5) and (ir, U, H) is a strict covariant representation then by Propositions we 
have 

71(5,(1)) = U*U, aeA, 

and one would wonder whether (CR3) is true. It follows from [BL05] that (CR3) 
holds only if 5, is a complete transfer operator for (A, 5). 

Theorem 2.5 QBL05], Theorem 3.1). The system (A, 5) is complete with a complete 
transfer operator 5, if and only if there exist a covariant triple (ir, U, H) satisfying 
conditions (CRl), (CR2) and (CR3). 

The next result shows that for complete systems the class of covariant triples 
from Theorem 12.51 coincide with the class of strict covariant representations. 

Proposition 2.6. Let (A, 5) be a complete C* -dynamical system with a complete 
transfer operator 5,. Then a covariant representation (it, U, H) of (A, 5) is strict if 
and only if it satisfies (CR3). 

Proof. If (n, U, H) is satisfies (CR3) then 1 - U*U = 1 - tt(5*(1)) is the identity 
in n(ker5) and thus the covariant representation (n,U,H) is strict. 
On the other hand, if we assume that (n, U, H) is strict, then U(-)U* : U*Un(A) — > 
7r (5(A)) is an isomorphism where the inverse one is given by U*(-)U because 

U*n(5(a))U = U*Uix(a)U*U = U*Uw(a), aeA. 

Furthermore, U*U = tt(<5*(1)) and 5(A) = 5(1)A5(1). Thus, by the definition of a 
complete transfer operator we get 

U*n(a)U = U*(UU*7t(a)UU*)U = U*7r(5(l)a5(l))U 

= U*U7i(5^(5(l)a5(l))) = n(5*(l))n(5*(a)) = n(5*(a)), aeA, 
what finishes the proof. ■ 

Corollary 2.7. Any complete C* -dynamical system possess a strict covariant rep- 
resentation. 
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3 Extensions of C*-dynamical systems up to sys- 
tems with complete transfer operators 

Before attempting the abstract construction it is reasonable and instructive to study 
the spatial case. We start with consideration of this sort what will result in estab- 
lishing a basic structure of the extended algebra in Proposition 13.11 

Let us consider covariant representation of a C*-dynamical system, that is let 
U G B(H) and A C 13(H), 1 <E A, be such that 

UAU* c A, U*U g A'. 

We have two operators acting on the C*-algebra B(H), namely <5(-) = U(-)U* and 
£*(•) = U*(-)U. Operator 5 : A — > A is a *-endomorphism however <5* in general 
does not preserve A. The situation changes when we pass to the C*-algebra 

oo 

B= C*((J U n *AU n ) 

n=Q 

generated by {j^ =0 U n *AU n . Then, see [LO04, Proposition 3.9], the following rela- 
tions hold 

UBU* c B, U*BU c B, U*U e Z(B). 

Thus the C*-dynamical system (B, S) is an extension of the system (A, 5) and fur- 
thermore operator 5* : B — > B is a complete transfer operator for (£>, 5). 
Let us define algebras "approximating" algebra B as C*-algebras generated by finite 
sums: 

n 

B n = C*(\Ju* i AU i ), neN. 

The family {£>„} ng N fixes the structure of a direct limit on B. Indeed, we have 
A = B C B x C ... C B n C and B = [j B n . 

riGN 

The coming proposition describes algebras B n as direct sums of subalgebras of the 
algebra C*(A, U*U). In particular, if U*U G A, then we are able to define algebras 
B n in terms of the system (^4, S). 

Proposition 3.1. Every element a G B n can be presented in the form 

a = a + U* ai U + ... + U* n a n U n 

where 

aj G (1 — U*U)S i (l)AS i (l), i = 0,.. .,n-l, a n g 5 n (l)A5 n (l), (4) 

and this form is unique (ifn is fixed). In particular, a i— > a ©ai©...©a n establishes 
an isomorphism. 

B n ^(l- U*U)A © (1 - [/*[/) ^(l)^!) © ... © 5 n (l)A5 n {l) 
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Proof. Let a G B n . Then a = ELo 5 *(M where h i e A and &(•) = LT*(-)t7, 
see [LO04L Proposition ??]. Without loss of generality we may assume that G 
<5 l (l)^45 l (l), because <%(&i) = We shall construct elements a, satis- 

fying (pj modifying inductively the elements b{. 

For ao we take 60 (1 — &*(!)) and "the remaining part" &o<5*(l) of 60 we include in 
&i, that is we put C\ — b\ + 5 (bo). Then a = ao + 6*(c\) + ... + 5™(6 n ), because 
b 6*(l) = 5*(6(b )), and a G (1 - C/*C/)A 

Continuing in this manner we get k < n coefficients ao, ...,a,k-i satisfying PJ and 
such that a = a + ...+5^- 1 (a k - 1 )+S^(c k ) + ...+5^(b n ). We put a k = c fc (l-«J*(l)) G .4 
and Cfc + i = 6 fc+ i + 5(c k ). Then a fc G (1 - t/*t/)o" fc (l)^lo" A ''(l) whereas the following 
computation shows that a = a + ... + 8*(a k ) + o"^ +1 (cfc + i) + ... + 5™(b n ): 

<£(<*) = <tf (c fc )<£ (1) = <£(<*) (#(1) - 5t +1 (l)) + ^ +1 (l)^(c fc ) 

= 6*(c k (l - 6,(1))) + 5t +1 (S(c k )) = 5t(a k ) + St +1 (6(c k )). 
This ends the first part of the proof. 

To realize the consequences of conditions (0J we notice that they imply the following 

£(<0 e (51(1) - 5l +1 (l))A, z = 0,...,n-l. (5) 

Since the sequence {5£(l)}fceN C Z(B) is a decreasing family of orthogonal projec- 
tions we see that projections 1 - 5,(1), 5,(1) - 5*(1), 5™(1) - <S?(1) are 
pair- wise orthogonal and central in £>„. Hence the algebra B n is a direct sum of 
ideals corresponding to these projections and z-th component of such decomposition 
is isomorphic to (1 - U*U)5 i (l)A5 i (l), for i = 0, n - 1 and 5 n (l)A5 n (l) for i = n. 



3.1 Adjoining the unit to the kernel of an endomorphism 

Using Proposition 11.101 one may deduce that (up to an isomorphism) the algebra 
C*(tt(A),U*U) does not depend on the choice of a strict covariant representation 
(n,U,H) of the system (A,5). In this subsection we present an "internal" (not 
involving covariant representations and hence independent from their existence) de- 
scription of this algebra. We shall denote it by A + and we shall consider endomor- 
phism extension 5 : A + — > A + of 5 up to A + (A C *4. + ). 

We shall construct algebra A + by a general procedure of adjoining a unit to a given 
ideal in A (by an ideal we always mean two-sided closed ideal). Indeed, for any ideal 
I in A there exists the largest among the ideals J in A satisfying 

I D J — {0} 

(such an ideal could be defined directly as (pA**) PI A, see notation below). We 
denote it by I and define A + to be the following direct sum of quotient algebras 



A + = (A/ 1) © (A/ 1 1 -). 
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The C*-algebra A embeds naturally into C*-algebra A + via 

A3 a\ — ► (a + 7) © (a + 7" 1 ) G 

Since 7n7 ± = {0} this mapping is injective and we shall treat A as the corresponding 
subalgebra of A + . If we let 7 to be the kernel of endomorphism 5 : A —>■ A then we 
can extend 5 up to A + by the formula 

A + 3 ((a + /)©(& + J- 1 )) (5(a) + 7) © (5(a) + 7 X ) e -4+ 

Since an element <5(a) does not depend on the choice of a representative of the equiv- 
alence class a + 7 endomorphism 5 : A + — > *4 + is well defined (and obviously extends 
5: A 

The fundamental property of the system (A + , 5) is that the kernel of the endomor- 
phism 5 : A + — > A + is unital where its unit have the form (0 + 7) © (1 + 7^). 
Evidently, if the kernel of 5 : A — > A is unital the algebras .4 + and ^4 coincide. 
We now present "an exterior" version of the preceding construction. It reveals 
universal character of (A + , 5) and will give us a desired correspondence between 
covariant representations of (A, 5) and (A + ,5). 

For that purpose, let us consider A as a subalgebra of A** - the second dual algebra 
(enveloping PU*-algebra), and let {/zaIasa be an approximate unit for 7. Then the 
a- weak limits 

q = a lim u,\, p = 1 — a lim u\ 
AeA AeA 

give rise to (pair- wise complementary) central projections in A**. Furthermore, one 
checks, cf. |Sak71j . |KR86| . that 

l = ( q A**)nA, l ± = (pA**)nA, 

and consequently 

A/ 1 =(A + q A**)/(qA**) = P A, A/I L = {A + P A**)/(pA**) = qA. 

Thus the algebra A + may be viewed as a C*-subalgebra of ^4** generated by the 
algebra A and the projection p: 

A + = P A+{l-p)AcA**. 

Under this identification 5 : A + — > A + assumes the following form 

5(pa + (1 — p)b) = 5(a), a,b E A, 

and the universality of A** gives us the following statement. 

Theorem 3.2. There is a one-to-one correspondence between the strict covariant 
representations (ir,U,H) and (tt + ,U,H) of (A, 5) and (A + , 5) respectively, which is 
established by the relation 

7r+((a + 7) © (b + I 1 )) = 7i+(pa+ (1 - p)b) = U*U-k{o) + (1 - U*U)it{b). (6) 

In particular, for every strict covariant representation (ir, U, H) of (A, 5) the algebra 
A + is isomorphic to C* (U*U,tc(A)). 
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Proof. Representation 7r extends uniquely to a normal representation n" of A**. 
We put 7r + = n"\ A +. Then by the strictness of (it, U, H) we have 7r + (j») = U*U and 
thus 7r + is given by ([6]) . In view of Remark 11.111 we have 



I = {aeA: U*Un(a) = 0}, 



and 



{aeA: (1 - U*U)ir(a) = 0}, 



what implies that tt + \ p a and 7T + | (i- P )A are injective. Thus 7r + is faithful and now it 
is easily seen that (7r + , U, H) is a strict covariant representation of (-4 + , 5). ■ 



3.2 Inductive limit construction 

Now we are ready to pass to the main part of the construction. Heuristically it 
relies upon Proposition 13.11 For convenience, until Definition 13.51 we shall assume 
that the kernel of 5 : A — > A is unital (in other case one may pass to the system 
(A + ,5) from the previous subsection). The unit in ker5 will be denoted by q and 
its complementary projection by p = 1 — q. Thus q and p are central projections in 
A. 

We put 

An = 5 n (l)A5 n (l), neN, 
and define algebras B n as direct sums of the form 



B n = qA © qAi 



qA 



n-l 



An 



nGN. 



(7) 



In particular, Bq = Ao = A. 

Let us consider, for n G N, a homomorphism 5 n : B n 
by the diagram 



B n 

B n +i 



qA Q 

id 

qA 



qA n -i 

id 



> B n+ i schematically presented 
A 



qA n -i © qA, 



A 



n+l 



and formally given by the formula 

5 n (a © ... © a n _i © a n ) = a © ... © a n -\ © qa n © 5(a„), 

where G qAk, k = 0, ...,n — 1, and a n G A n . Homomorphism 5 n is well defined 
since a n = qa n + pa n and 5 : pA — > 5(A) is an isomorphism <5 n is injective. 
We define an algebra B = fim^{£> n , 5 n } as a direct limit of the direct sequence 



(8) 



and denote by 
Mur90j . Then 



■ B n 



B, n G N, the natural embeddings, see for instance 



<t> (A) = M& ) C M&i) C ... C <p n (Bn) C ... and B= (J 0n(S r , 



neN 
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We shall identify algebra A with the subalgebra <f)o(A) C B and under this identi- 
fication we extend 5 onto the algebra B. To this end, let us consider two sequences 
(an inverse one and a direct one) 

B ^B 1 ^B 2 ^ (9) 

B ^B 1 ^B 2 ^..., (10) 
where s n is a "left-shift" and s* ira is a "right-shift": 

s n (a © di © ... © a n ) = ax © a 2 © ... © a n 

s*, n (a © ... © a n _ x © a n ) = 0© (5(l)a 5(l)) © ... © (cT +1 (l)a„<5 n+1 (l)), 

a fc G qAk, k — 0, n — 1 a n G *4. n . Since 5 n (l), n6N, form a decreasing sequence 
of orthogonal projections, mappings s n and s* )n are well defined. Moreover the op- 
erators s n are homomorphisms, whereas operators s* in may fail to be multiplicative. 

Theorem 3.3. Sequence ((9|) induces an endomorphism 5 : B ^ B extending the 
endomorphism 5 : A — ► -4, whereas sequence (TTOll induces an operator 5* : B ^ B 
which is a complete transfer operator for the extended C* -dynamical system (13,5). 

The word "induces" means here that 5 and 5* are given on the dense * -subalgebra 
U„eN 4>n(A n ) ofB by the formulae 

5(a) =(p n (s n+1 ((j)-l 1 (a))), 5*(a) = n+1 (s* )n (0~ 1 (a))), (11) 

where a G (fi n (B n ), n E N. 

Proof. Direct computations shows that the following diagrams 




commute. Hence j9j) and ffTOl) induce certain linear mappings on B (i.e. formulae (PTT1) 
make sense). The former mapping is a homomorphism (since s n is a homomorphism 
for all n G N) and the latter one is positive (because s* n posses that property for all 
n G N). 

We assert that the mapping induced by j9]) agrees with 5 on A (which we identify 
with (fio(A)). Indeed, an element a G 4>o(A) of the inductive limit B is represented 
by the following sequence 

(a, qa © 5(a), qa © q5(a) © 5 2 (a), ...) 
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which is mapped both by 8 and the mapping induced by ([HD onto the following 
sequence 

(5(a), q8(a) © 5 2 (a), q5(a) © q8 2 (a) © 8 3 (a), ...) G <j> {A). 

Thereby our assertion is true and we are justified to denote by 8 the mapping induced 
by Q. 

By Theorem E31 to prove that <5* is the complete transfer operator for (B, 8) it suffices 
to show (j2j) and ([3]). For that purpose take arbitrary elements a, b G UneN 0n($n) c 
£> and note that there exist n G N, a G £> n+ i and b & B n such that a = n+ i(a) 
and 6 = 4> n (b). Routine computation shows that s^ n (s n+ \(d)b) = a-s*^ n (b) and thus 
using formulae f TTTT ) we have 

8*(8(a)b) = 8*((f) n (s n+ i(a)) b) = (f) n+1 (s^ n (s n+1 (a)b))) 

= (j) n+ i(a ■ s*, n (6)) = 0„+i(a) ■ n +i(s*,n(6)) = a8*(b) 

what proves ((2j). Similarly we prove ((3D. It suffices to check that Sn+i( s *,n(o)) = 
s n+ i(l)as n+ i(l) and then we have 

5(5*(a)) = 5(0 n+ i(s* )rl (a)) = n (Sn+l(s*,n(a))) = 0n(s n +l(l)aS n+ i(l)) 

= n (s n+ i(l))0„(a)0 n (s n+ i(l)) = 8(l)a8(l). 

■ 

The above presented construction of the system (B, 8) is compatible with oper- 
ator (geometric) approach presented in the introduction to this section. 

Theorem 3.4. There is a one-to-one correspondence between the strict covariant 
representations (tt, U, H) and (tt, U, H) of (A, 8) and (B, 8) respectively, which is 
established by the relation 

^(0n(a o © oi... © On)) = n(a ) + U*7i( ai )U... + U* n n(a n )U n (12) 

Proof. The fact that for a strict covariant representation (7?, U, H) of (B, 8) 
the triple (n,U,H) where n = tt\^ is a covariant representation of (A,8) is trivial. 
However the strictness of (n, U, H) requires a comment. In particular, it follows 
from the equality of kernels of 8 : A — > A and 8 : B — ► B. 

To prove the equality between ker<5|g and ker^ = qA let n > and notice that 

Mo) = 0n(g©o©o... ©0). 

Thus qB = qA and for a = 4> n (ao © a\ © ... © a n ) G 4> n (B n ) we have 

8(a) = 4> n (ai © ... © a n ) = •<==>- a\ — ... — a n — •<=>■ a = qa. 

Hence ker<5|g = ker5|^. 

Fix now a strict covariant representation (tt,U,H) of (A, 8). We show that 
formula (Tl2|) defines a faithful representation n of i3. 

The first step is to check that n is well defined. Let a G B n and b G £> m be such 
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that 4> n (a) = 4> m (b) and let us assume that n <m and a = ao © a\ © ... © a n . Using 
injectivity of the mappings occurring in the following equality 

4>n = 4>m° $m-l ° ••• ° S n +1 ° 5 n 

we obtain that b is of the form 

b = a © ... © a n _i © qa n © q5{a n ) © ... © q5 m ~ n ~ 1 {a n ) © 8 m ~ n (a n ). 

Whereas covariance and strictness of (tt, U, H) (Definition MM together with the 
relation a n G A n = 5 n (l)AS n (1) implies that 

U* n+k 7c{q5 k {a n ))U n+k = U* n+k {\ - U*U){U k 7i{a n )U* k )U n+k 

= U* n+k (U k n(a n )U* k )U n+k - U* n+k (U*UU k n(a n )U* k )U n+k 
= U* n {U* k U k )7r{a n ){U* k U k )U n - U* n {U* {k+1) U k+1 ii(a n )U* k U k )U n 
= U* n {U* k U k )ir{a n )U n - U* n {U* {k+1) U k+1 7r{a n ))U n 
= jj^^kjjk _ u< k+ ^U k+1 )Ti(a n ))U n 
= (u^n+Qjjk _ u< n+k+ ^U k+1 )Tx(5 n {l)a n ))U n 
= (jj*{n+k)jjn+h^ _ u*( n+k+ Vu n+k+1 )U* n n(a n ))U n 

and 

U* m 7i(5 m - n (a n ))U m = U* m U m - n n(a n )U* m - n U m 
= W m U m - n (U n U* n -K{a n )U n U* n )U* m - n U m = U* m U m {U* n -K(a n )U n )U* m U m 

= U* m U m (U* n n(a n )U n ) 

Thus we have 

m—n—l 

U* n+k 7T(Q5 k (a n ))U n+k + U* m 5 m ~ n 7c{(a n ))U m = U* n ix{a n )U n . 

k=0 

Hence 7r(0 n (a)) = 7r(0 m (6)) and tt is well defined. 

In view of Proposition O for every neNi: 4> n {B n ) C* (\J n k=0 U* n n(A)U n ) is 
an isomorphism. Consequently n : B — > C* ( IJneN U* n n(A)U n ) is an isomorphism. 
Thus, the only thing left for us to show is that the (jr, U, H) satisfies conditions 
(CR1") and (CR2). Condition (CR1") follows from the equality n(q) = n(q) = U*U 
and the coincidence of kernels ker S\b = ker 5\a (see the first part of the proof). To 
show (CR2) take any element of the form a = n (ao© a i© ...®a n ) G </>„(£>„), n > 0. 
Then 

Un(a)U* = Un(a )U* + UU*ir{a x )UU* ... + UU* n n(a n )U n U* 
= 7r(<S(a )) + 7r(5(l)ai5(l))... + UW{U^ 1 U^ l )U^ 1 Tr{a n )U n -\U^ 1 U^ 1 )UW 
= 7r(ai)... + U m - 1 U n U* n Ti{a n )U n U m U n - 1 = ?r(ai)... + U* n - 1 n(5 n (l)a n 5 n (l))U n - 1 
= 7r(ai)... + U^'^ia^U^ 1 = 7r(0 n _i(ai © a 2 © ••• © O) = ^( 5 ( a ))- 

■ 

We put together the systems constructed in this and the previous subsection in 
a definition. 
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Definition 3.5. Let (A, 5) be an arbitrary C*-dynamical system. Let (A + ,5) be 
extension of (.4., 5) defined in the subsection 11.101 and let (£>, 5) be the extension of 
(A + ,5) described in the present subsection: 

AcA + cB. 

We shall call the system (£>, 5) a natural extension of (.4, S) to the C*-dynamical 
system possessing complete transfer operator <5*. 

In view of Theorems 13.21 and 13.41 we have the relations 

oo 

A + = C*(A,5*(1)), B = C*((j S»(A)), 

n=0 

where <5* : B — > B is the transfer operator for (B,S), and we are ready to state the 
main result of the present paper. 

Theorem 3.6. Let (A,S) be an arbitrary C* -dynamical system and let (B,S) be its 
natural extension with the transfer operator 5*. There is a one-to-one correspondence 
between the strict covariant representations (n, U, H) and (n, U, H) of {A, 5) and 
(B, 5) respectively, which is established by the relation 

n n 

^(J>*(a fc )) = Y,U* k Aa k )U\ a k G A. 

k=0 k=0 

In particular for every strict covariant representation (n, U, H) of (A, S) we have 

B = C*{ [J U* n Tx(A)U n ). 

We conclude this section with the nontrivial fact which generalizes the essential 
part of the main result of |BL05| . It is a corollary to Theorems 13.61 12~5l and 12.61 

Theorem 3.7. For an arbitrary C* -dynamical system (A, 5) there exists a strict 
covariant representation of (A, 5). 



4 Commutative case and its relation to inverse lim- 
its 

Throughout this section A is a unital commutative C*-algebra. Let us recall that 
the space X of all non-zero linear and multiplicative functionals on A equipped 
with the weak* topology is a Hausdorff space and by Gelfand-Naimark Theorem 
A is isomorphic to (and thus may be identified with) the algebra C(X) of contin- 
uous complex valued functions on X. It is also known, cf. |Bou67| . that then an 
endomorphism 5 : A ^ A assumes the form 

*(*)(*) = { o (C " (X)) ; > aeC(X) } (13) 
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where Ai is a clopen subset of X and a : A\ — > X is a continuous map. We will 
denote by A_i = a(Ai) the image of a and refer to (X, a) as to partial dynamical 
system generated by (A, 5). 

We have a number of dual correspondences between the properties of C*-dynamical 
systems and partial systems they generate, cf. |KL03| . |Kwa07| . Let us list a few of 
them: 



This specific spectral duality allows us to explore the constructions from previous 
section in topological terms. 

4.1 Compactification of a complement of a range of a map- 



Adjoining a unit to a non-unital commutative algebra corresponds to compacti- 
fication of a non-compact topological space. The kernel / of the endomorphism 
5 : A — ► A is isomorphic to the algebra C (X \ A_i) . Hence adjoining a unit to 
I corresponds to a compactification of X \ A_i. The construction of the system 
(A + , 5) from subsection 13.11 relies simply on taking the closure X \ A_i of X \ A_i 
inX. 

Indeed, the system (A + , 5) is commutative and thereby it generates a partial dynam- 
ical (X + , a+) which may be informally described in terms of (X, a) in the following 
way, see Figure |4~H the space X + arise by "cutting" A_i out of X and then closing 
the set X \ A_ x ; the image of a + is the set A_i that has been "cut out" and the 
domain of aq_, with respect to the domain of a, is enlarged by the set Ai flX \ A_i. 
The whole space X + differs from X by a boundary Bd (A_i) = A_i fl X \ A_i of 
the range A_i of a. 



S is a monomorphism 
5 is unital 
5 is an epimorphism 
the kernel of 5 is unital 



a is a surjection, 

the domain of a is X, 

a is an injection with domain X, 

the image of a is open, 




ping 




Figure 1: Compactification of a complement of a range of a mapping. 
Formally, X + is the direct sum of two topological spaces X\ and X 2 homeomorphic 
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to X \ A_i and A_i respectively: 

A/I = A/C (X \ A_0 = C(X 1 ) = C(A_i), .A/ J 1 - = C(X 2 ) = C(X\A_0. 

If we let </>i : Xi — > A_i and 02 : -X2 X \ A_x be the corresponding homeomor- 
phisms then the mapping a + is defined on the set 

^(Ai) U 02 X (Ai) 

by the formula 

a (x)= i&WMx)), xetfiAi) 
a+[X) \0 2 - 1 ( a (0 2 ( 2 ;)), xG0 2 1 (A 1 )' 

4.2 Inverse limits and spectral description 

It is a straightforward fact, cf. [LO041 Proposition 4.1], that the natural extension 
(13,5) (see Definition I3.5P of the commutative system (A, 5) is also commutative. A 
description of the partial dynamical system generated by (B, 5) was the purpose of 
|KL03| . The method elaborated there differs and has certain advantages over the 
general setting included in subsection 13.21 (the difference is discussed in the coming 
subsection). Here, we slightly improve the main result of |KL03| and clarify its 
relation to inverse limits. 

To start with we recall the definition of inverse limits in the category of topological 
spaces. 

Definition 4.1. An inverse limit of an inverse sequence 

v a v ai v «2 
Ao < Ai < A 2 < ... 

where X n are topological spaces and a n : X n+ i — ► X n are continuous maps is the 
topological space of the form 

hm{X n , «„} = {(x , ii,...)C J]l n : a n (x n+1 ) = x n , n E N} 

neN 

considered with the product topology inherited from HneN^™- ^ additionally all 
the spaces and mappings coincide, that is if for every tieNwe have X n = X and 
a n = a, then we write lim \X n , a n } = lim \X, a} and the formula 

5(x ,xi, ...) = (a(x ),x ,x u ...), (x ,Xx, ...) e hm\X,a}, 

defines a homeomorphism 5 : lim \X, a} — > lim \X, a}. We say that a is induced 
by a : X -> X. 

Now, let (X, a) be the partial dynamical system generated by (A, 5) and let 
(X, 5) be the partial dynamical system generated by the natural extension (B, 5) of 
(A, 5). We extend our notation and for any n G N we denote by A n = a~ n (X) the 
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domain of a n and by A_ n = a n (A n ) its image. A similar "tilde-notation" will be 
used for 5. Thus we have 

a n : A n -> A_ n and a n : A„ -> A n . 

Moreover, a : Ai — ► A_i is a homeomorphism and the complete transfer operator 
5* : B — > 2? for (23, 5) is an endomorphism of the form 

8*{a){x) = | > , fl 6B = C(I). (14) 

In order to establish the relationship between the systems (X, a) and (X, a) we 
fix for a while an arbitrary point x G X. Then considering linear and 

multiplicative functional on B we obtain a sequence of functional x n : A — > C , 
n = 0, 1, defined by the condition 

x n (a) = 5f(<5"(a)), a G A 

Since the set U^Lo^*(*^) * s nnear ly dense in B, the sequence (xo,xi, ...) determines 
x uniquely. Multiplicativity of 5* on B implies that all functionals x n are linear and 
multiplicative, hence 

either x n G X or x n = 0. 
Summing it all up the mapping 

oo 

I9i — ^ (x ,xi,x 2 ,...) G JJXU {0} (15) 

n=0 

is injective and under the assumption that the set A_i is open (equivalently kernel 
of 5 : A — > .4 is unital) the authors of |KL03| proved the following 

Theorem 4.2. // A_i is open, t/ien mapping (Q5]j defines a homeomorphism under 
which we have the following identifications 

oo 

X={JX N UX OD (16) 

N=0 

where 

X N = {(x , x u ...,x N , 0, ...) : x n G A n , a(x n ) = x n ^, n = 1, N, x N £ A_ x }, 

^oo = {(xo,£i, •••) : G A n , a(z n ) = z n _i, n ^ 1}, 

UjvLo-^v U is equipped with the product topology inherited from n^Lo^ ^ i®} 
(set {0} is clopen in X U {0} J. 77ie partial homeomorphism a is of the form 

a(x , ...) = (a(x ),x , ...), x G A x , 

where Ai = {(xq, •••) G X : x G Ai} is £/ie domain of a. 
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We notice that the subset Xoo C X is the inverse limit of the following inverse 
sequence 

Elements of X N may considered as finite anty-orbits of a which cannot be prolonged 
(because xn ^ A_i). 

In view of Definition 13.51 and subsection 14. II one can generalize Theorem 14.21 to get a 
result without the assumption of openness of A_i. Roughly speaking, it suffices to 
replace (in the description of sets X^) the condition xn £ A_i with a weaker one 
ijv G X \ A_ r More formally one needs to take the closure of X in n^=o^ ^ i®}- 
We shall express this remark in a definition and a theorem. 

Definition 4.3. Let (X, a) be an arbitrary partial dynamical system, that is a : 
Ai — ► X is a continuous mapping and A_i is clopen subset of a compact space X . 
By a natural extension of (X, a) we shall mean the partial dynamical system (X, 5) 
where 



x={Jx N ux 



N=0 



X N = {(x , xi, ...,x N , 0, ...) : x n G A n , a(x n ) = x n - h n = 1, N, x N G X \ A_J, 

^oo = {{x , 2Ci, ...) : x n G A n , a{x n ) = x n -. u n ^ 1}, 

is equipped with the product topology n^lo^ ^ i^}' se ^ i®} ^ s c l°P en an d is 
just an abstract point. Mapping 5 : A x — > A_i is a homeomorphism given by the 
formula 

a(x , ...) = (a(x ),x , ...), x G Ai, (17) 

where Ai = {(x , ...) G X : x G Ax} and A_ x = {{x , x Xl ...) G X : Xi G Ax}. 

The notion of natural extension for topological and for C*-dynamical systems 
agrees in the following sense. 

Theorem 4.4. The natural extension (X, 5) o/ a partial dynamical system (X, a) 
is the partial dynamical system generated by the natural extension (B, 5) of the C*- 
dynamical system (^4, 5) that generates (X, a) . 

Proof. It is a corollary to Definition [321 subsection 14.11 and Theorem l4.21 ■ 
Let us now consider the classical case, that is when mapping a : X — > X is 

described on the whole space X. Then the natural extension (X, 5) has the following 

structure: 

- the system (Xqq, a) coincide with the inverse limit system ( ( lim {X, a}, 5), 

- for every N G N the set X N is homeomorphic to X \ A_ 1 and 5 maps homeo- 
morphically X^ onto Xjy+i: 

X Xx X 2 ... (X^, 5) = (Jim {X, a}, 5). 

In particular the system (X, 5) is not a direct generalization of the inverse limit 
system (Jim {X, a}, 5), it is rather an "improvement" of it, as it contains more 
information concerning the initial system (X, a). 
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Example 4.5. Let a : X — > X be a constant mapping with the only value being a 
non-isolated point p G X. 




Figure 2: Systems associated with constant map. 

Then the system (X + ,a + ) from paragraph 14.11 is obtained from (X, a) by "cutting 
out" the point {p} and "filling the hole that arose during this operation". Space 
X is the countable number of copies of X compactified with one point Xoq = {p}, 
whereas the system ( lim \X, a}, a) degenerates to a single point, see Figure El 

4.3 Comparison of the spectral and the algebraic approach 

Description of the system (X, a) presented in Theorem 14.21 and description of (£>, 5) 
presented in Theorem [33] (hence also of (X, a) in the commutative case) are obtained 
by different methods. As the relationship between those construction is not obvious 
and might be interesting we include a short discussion on the subject. 
We assume here that A_i is open (equivalently X \ A_ 1 is closed). This assumption 
is not necessary but it simplifies notation. Replacing every set of the form K \ A_i 
with a bigger one of the form Kf\X\ A_ 1 everything what follows remains true in 
general. 

We recall that algebra B = C(X) is the direct limit of the direct sequence (JSj) with 
bonding homomorphisms S n that are unital monomorphisms, see subsection 13.21 
Thus the space X = lim \X n , a n } is the inverse limit of the inverse limit 

Xo^X^X^... (18) 

where B n = C(X n ) and a n : X n+ i — > X n are surjections such that, ze 5 n (a)(x) = 
a(a n (x)), a G B n . From definition of B n we have X n is a direct sum of clopen 
subsets of X. Namely, using the symbol "U" to denote the disjoint union we get 



X n =(X\ A_i) U (Ax \ A_0 U . . . U (An-x \ A_i) U A 
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The inverse sequence (fl~8l) maybe rewritten in the form of "triangular" diagram 
illustrating also the action of the mappings a n : X n+1 — > X n : 



X 

ai 



x- 



a -2 
2 

Cl!3 




X\A_! U A 



id 




X\A_i U Ai\Ai U A 2 



id 



id 



id 



X\A_! U Ai\Ai U A 2 \A_x U A E 



Thus, if x = (x , xi, x 2 , •••) is an element of the inverse limit X = hm{X n ,a n }, 
then we have two alternatives: either every coordinate of x "lies on the diagonal" 
of the above diagram, that is x belongs to the set of the form 

^oo = {(^o, xi, ...) e X N : x n e A n , a(x n ) = x n _i, n > 0}, 

or only N first coordinates of x "lies on the diagonal" and next ones "slide off the 
diagonal and stays out of it forever", that is x belongs to the set of the form 

X N = {(x , xi, x N , 0, 0, ...) : x n e A n , a(x n ) = x n -t, n = 1, N, x N £ A_ x }, 

where we replaced the tail of xn's with tail of zeros. 

It is not hard^to see that the above considerations lead us to identification of the 
inverse limit X = ( lim \X n , a n } with the space [J neN X n U X^ from Theorem 14.21 It 
is a bit harder to realize the relationship between formula (fP7l) and inverse sequence 
(|9j) of homomorphisms s n+ \ : B n+ \ — > B n . In fact, a homomorphism s n+ i induces a 
continuous mapping defined on the clopen subset of X n with values in X n+ i, given 
by the following diagram: 



x.. 



n+1 



D Ai\A_i U A 2 \A_i U ••• U A n+ i 

id 

X\A_x U Ai\A_i U A 2 \A_x U ••• U A n+1 




Then one needs to check that the direct sequence of the above diagrams defines a 
mapping on a clopen subset of the inverse limit of the inverse sequence (Tl~8l) . 

This "tangle" of direct and inverse sequences which arise in the general approach 
proves the usefulness of the spectral description from Theorems 14.21 [441 which simply 
presents the system (A, 5) as a shift on a certain space of sequences. 
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